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ABSTRACT

In this paper, we introduce the notions of m-shadow graphs and n-splitting graphs,m=2, n>1. We

prove that, the m-shadow graphs for paths, complete bipartite graphs and symmetric product between
paths and null graphs are odd graceful. In addition, we show that, the m-splitting graphs for paths, stars
and symmetric product between paths and null graphs are odd graceful. Finally, we present some examples
to illustrate the proposed theories.
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1. INTRODUCTION

Graph labeling have often been motivated by pratticoblems is one of fascinating areas of
research. A systematic study of various applicatiohgraph labeling is carried out in Bloom
and Golomb [1]. Labeled graph plays vital role to determtaxal circuit layouts for computers
and for the representation of compressed data structure.

The study of graceful graphs and graceful labeltimgthods was introduced by Rosa [2]. Rosa
defined a -valuation of a grapl& with g edges as an injection from the vertices of G toskie
{0, 1, 2, ... g} such that when each edge xy is assigned the lapgH f (y)|, the resulting edge
labels are distinct. -Valuations are the functions that produce grackfioéllings. However, the
term graceful labelling was not used until Goloniged such labellings several years later [3].
The notation of graceful labelling was introducedaatool for decomposing the complete graph
into isomorphic subgraphs.

We begin with simple, finite, connected and undireaeaphG = (V, E) with p vertices andj
edges. For all other standard terminology and notions leenvfélarary[5].

Gnanajothi [6] defined a graph with g edges to bedd graceful if there is an injectionf from
V(G)to {0, 1, 2, ..., 81} such that, when each edggis assigned the lab&l(x) - f(y)I Seoud
and Abdel-Aal [7] determine all connected odd gracejaphs of order at most 6 and they
proved that ifG is odd graceful, the® [J K, ,, is odd graceful for allm, n> 1. In addition, they
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proved that many families of graphs such as spijttdf complete bipartite graph, Cartesian
product of paths, symmetric product for paths withll graph, conjunction of paths and
conjunction of paths with stars are odd graceful.

We know that, the shadow grafih(G) of a connected grap® is constructed by taking two
copies ofG say G and G™ . Join each vertexin G to the neighbors of the corresponding
vertex vinG . Also we know that, the splitting gra@his obtained by adding to each veriea

new vertexv  such that is adjacent to every vertex whi@djacent to in G. The resultant
graph is denoted b§pl(G).

Vaidya and Lekha [8] proved that the shadow graghthe pathP, and the stakK;, are odd
graceful graphs. Further they proved in [9] that $pétting graphs of the stdf;,, admit odd
graceful labeling. Moreover, Sekar [10] has proved thea splitting graph of path is odd graceful

graph. Also, Seoud and Abdel-Aal [7] proved tigat (K, ), Sol (P, @ K, ).

In this paper, we introduce an extension for shadaplygs and splitting graphs. Namely, for
any integersn =1, them-shadow graph denoted byD . (G) and them- splitting graph denoted
by Sl +(G) which are defined as follows:

Definition 1.1. The m-shadow graphD(G) of a connected grap® is constructed by taking+
copies ofG , say G,,G, ,G;,,...,G,,, then join each vertex in G to the neighbors of the

corresponding vertexin G, 1<i, j <m.

Definition 1.2. Them- splitting graphSpl(G) of a graphG is obtained by adding to each vertex
v of G newm vertices, say',v?,v*,...,v", such that' 1<i<m is adjacent to every vertex
that is adjacent tein G.

By definitions, the2-shadow graph is the known shadow gr&pliG) and thel- splitting graph
is the known splitting graph.

In our study, we generalize some results on sgiitind shadow graphs by showing that, the
graphsDy(Py), Dm (P, O K, ), and Dy(K: ¢ for eachm,n,r,s=1 are odd graceful. Moreover,

we also show that the following grap8d(Pn), Splm(Kyin), Slm (P O K_Z) are odd graceful.
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2.MAIN RESULTS

Theorem 2.1.

Dn(Pn) isan odd graceful graph for all m, n >2.

Proof. Considerm-copies ofP,. Let u),u),ul,..,ul be the vertices of thd'jcopy of P,,
1< j<m. Let G be the graphD,(P,), then Y (G)] = mn and q = [E(G)| = m’(n - I).
We definef : V(G) - {0, 1,2, ..., 2 mé(n - 1) - 1} as follows:

f(u)) = g -1-m*(i —1) - 2m(j -1) i=135.,n0orn-1 1<j<m,
| Eﬂz(i -2)+2(j-)) i= 246..,n-1orn 1l<js<m

The above defined functidrprovides odd graceful labeling f&r,(P,). HenceD,(P;,) is an odd
graceful graph for eacin,n>1.

Example 2.2. An odd graceful labeling of the gr&piPs) is shown in Figure 1.

135 6 103 38 71
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Figure 1: The graph PXPs) with its odd graceful labeling.

Theorem 2.3. QXK. is an odd graceful graph for all m, z4.

Proof. Consider m-copies of K Let u/,u),ul ,...,ul andv/,v},v} .. v! be the vertices of
the fh -copy of Ks,1< j <m. Let G be the graph fiK,J), then |V (G)| = m(r+s) and q = |E(G)|
=m’rs. We define

f:V(G) - {0,1,2,...,2m’rs - 1}

as follows:
fu)=20-1+2r(j-1, 1<i<r, 1<j<m

f(vl)=2q-1-2mr(i-1)-2mrs(j-1), 1<i<s, 1<j<m
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Above defined labeling pattern exhausts all poss#ésland the graph under consideration admits
odd graceful labeling. Hence[X, ¢ is an odd graceful graph for each m, ¢, &

Example 2.4. An odd graceful labeling of the graph D3(K34) is shown in Figure 2.

161 17 19

143 35
10
12 53

10
71

89

Figure 2: The grapBs(Ks4) with its odd graceful labeling.
Remark 2.5.

In Theorem 2.1, if we takm = 2 we obtain the known shadow path also, when we rake2, r
= 1 in Theorem 2.3 we obtain the known shadow sirese special cases of our results are
coincided with Vaidya’s results in [8, theorems 2.6, 2.4]; respectively.

Let G; andG;be two disjoint graphdhe symmetric product (G; O G,) of G; andG; is the graph

having vertex setV(G;) x V(G,) and edge set{f, vi) (W, Vo): wwld E(Gy) or
viV, O E(G,) but not both}[4].

In [11] Seoud and Elsakhawi shown tht [ K_zis arbitrary graceful, and in [7] Seoud and
Abdel-Aal proved that the grapis U K_m m, n= 2 are odd graceful. The next theorem shows

that them-shadow of P, & K_z) for eachm, n= 2 is odd graceful.

Theorem 2.6.

The graph R (P, O K_z) ,m, n=2is odd graceful.
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Proof.

1,1 1 1,111 1 ; K INTYIRT) j
Let u;,u,,us,...,u;,Vv;,V;,V; ...,V be the vertices of FJ K, and supposel,,u,,Us, ,...,u,,
v/, vivi..vli be the | -copy of R O K,,l<j<m. Then the graph

G=Dn(P,O K_z) can be described as indicated in Figure 3.
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Figure 3

Then the number of edges of the graph G i @n1). We define:

f:V(G) - {0, 1,2, ..., 8 m*(n-1)-1}

as follows:
29 -1) —4n? (i —1) -8m(j - 1), i=135..n,j=12..m
fu')=0
St (i - 2) + 4(j - 1), i=246,.n,j=12..m
(2[q-2m*(i —1) - 4mj + 2m] - 1, i=135.n,j=12,..,m
fv)=h
Hm?(j-2) +4j -2, i=246,.n ,j=12...m

In accordance with the above labeling pattern tta@ly under consideration admits odd graceful
labeling. Henc®,, (P, @ K, ) is an odd graceful graph for eachn > 1.
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Example 2.7. An odd graceful labeling of the gr&ptP, @ K_z) is shown in Figure 4.
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Figure 4: The graph P, O K_2 ) with its odd graceful labeling.

Theorem 2.8.
The graph R (P, x P,), n= 2 is odd graceful.

Proof. Let u;,ui,u;,..,U:,V;, V5,V ,...,V-be the vertices of P x P, and suppose

uz,u’,ul,..u’,v2,v;,v2,..v>,  be the second copy of ,Px P, The graph
G=Dy(P, x P,) is described as indicated in Figure 5.

u;

Clearly, the number of edges of the gr&pls 12n - 8. We define:
f:V(G) - {0,1,2, ...,24n-17}

as follows:

02[q - 6(i-1) - j]+ 1, i=135.n ,j=12,
_ 0
f(u/)=10
Ha@i+ j-2), i= 2,460 ,j=1.2.
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04@3i - j - 1), i=135.n =12,
f(v/)=t
Ho(q - 6i + ) + 3, iz 246..0 =12

In view of the above defined labeling pattern thaplyp under consideration admits odd graceful
labeling. Hencé®, (P, x P,) is an odd graceful graph for eatk 2.

Example 2.9. An odd graceful labeling of the gr&aph{P, x P,) is shown in Figure 6.

Figure 6: The grapb, (P, x P,) with its odd graceful labeling.
3. THEM-SPLITTING GRAPHS

Theorem 3.1. The graphSpl(P,) for each m,n > 2 isodd graceful.

Proof. Let ul,ul,u? ....,u’ be the vertices d?, and suppose,’,uJ,ul ,...,ul, 1< j <m be

the |" vertices corresponding te?,uy,uy ,...,u’, which are added to obtaipIx(P,). Let G be
the graph 8l,(P,) described as indicated in Figure 7

Figure 7

ThenV (G)| =n(m+1) andq= [E(G)| = (h - 1)(2m+1). We define
f:V(G) - {0,1,2,...,2(n-I)(2m+1) - 1}

as follows:
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F(U0) = BIZq—i, I =135...,norn-1
oa-2 i= 24,6,..,n=1or n

F(u)) = (R2q-i—-4(n-1)j, i=135...,norn-1 1<j<m,
T n-1)@j-D+i-2 i=246..n-lorn 1<jsm

The above defined functidmprovides odd graceful labeling for the grapgt.$P,). Hence
Spl(Py) is an odd graceful graph.

Example 3.2. Odd graceful labeling of the graplplgP-) is shown in Figure 8.

107 0 105 2 103 4 101

Figure 8: The graphg,(P;) with its odd graceful labeling.

Theorem 3.3. The graph Spl.(K1, ) isodd graceful.

Proof. Let u,u,,u,,..,u, be the pendant vertices ang, be the centre oK, , and
ul,u/,ul...,ul, 1< j<m are the added vertices correspondinguigu,,u,,Us ,...,U, to
obtain Pl(K.,). LetG be the graph 8(Kyn). ThenV (G)| = (h+1)(m+1) andq = [E(G)| =
n(2m+1). We define the vertex labeling function:

f:V(G) - {0,1,2,...,2n(2m+ 1) - 1} as follows:

f(uy) =29-1,

fu)=2(i-1, 1<is<n,
f(u)=@q-)-2n, 1<j<m,
fu)=2n(m+j)+2(-1), 1<isn l<jsm

In view of the above defined labeling pattern the grapleuadnsideration admits odd graceful
labeling. Hence f8.(Kyn) is an odd graceful graph.

Example 3.4. An odd graceful labeling of the graph &M, ) is shown in Figure 9.
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Figure 9: The graph sgfK, 4) with its odd graceful labeling.

Theorem 3.5.
Thegraphs Sl (P, @ K_2 ) ,m,n2>2areodd graceful.

Proof. Let u;,u,,U;,..,.u,;V;,V,,V;,...,v, be the vertices of the graph O K_2 and suppose
ul,ul,ul,...ul, 1<j<m be the ' vertices corresponding tou, U, ..., and
V), vl vl v, 1< j<m be the | vertices corresponding tov,,V,,V,,...,v.  which are

added to obtaigpl,, (P, O K_Z). The grapol, (P, O K_z) is described as indicated in Figure
10.
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Figure 10

Then the number of edges of the grajph,$P, O K_z) = 4(2m+1)(n-1).
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We define:
f:V(Sply (PaO K, )) - {0, 1,2, ...8(2m+1)(n-1) - 1}.

First, we consider the labeling for the grdphl K_2 as follows:

[2[q-2(2m+1)i +2m] -1, i=135..nor n-1
f(u)=0

Hip@m-+1)i —4m -6, i = 246,..n-1or n

(2[g—2@2m+Di +2m[ + 3 i=135..nor n-1
f(v)=0

Hiem+1)( - 2), i=246,..n-1or n.

For labeling the added vertice$|ij , vii ,1<i<n, 1< j<m we consider the following two
cases:

Case(i): if i isodd, 1<i < n we have the following labeling, for each< j <m
f(u))=2[q-22m+1)i-2j+4m]+7,
f(v))=2[q-22m+1)i-2j+2m]-1

Case(ii): if i even, 2<i <n andl1< j <m we have the following labeling:

A[(2m+21)i + j —3m-1], j=135..m or m-1
O
f(u')=0
Haf(2m+1)i + j -3m] - 6, j=246,..m-1or m.

Now we label the remaining vertices,
ifi even, 2<i<nandm=1(mod2), 1< j <m we have the following labeling:
AE@m+Di+j-2m -6 j=135..m

i\_Ad
f(v')=0
Bl{(2m+l)i +j-2m-1], j=246,.m-1

10
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if ieven, 2<i<nandm=0 (mod2),1< j <m we have the following labeling:

A[(2m+Di + j —2m-1], j=135..m-1
O
)=
H@m+ni+j-2m-6  j=246..m

In accordance with the above labeling pattern the graplr eodsideration admits odd graceful
labeling. Hence @, (P, O K, ) is an odd graceful graph.

Example 3.6. Odd graceful labelings of grapiSgl, (P4 O K_z) and l; (P4 O K_Z) are shown
in Figure (11a) and Figure (11b) respectively.
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Figure (11a)m = 0 (mod?2), Figure (11b),m =1 (mod2)
Figure (11a), Figure (11b): The graphspl, (P, 0 K, )and Spls (P, 0 K, ) with their odd
graceful labelings respectively.
Remark 3.7.

In Theorem 3.1, 3.3, 3.5 if we take= 1 we obtain the known splitting graphs (path, star Bnd

O K_2 ; respectively) These special cases of our results are coincidédtiae results which had

been obtained in the articles (Sekar [10], Vaidya &héh [9], Seoud and Abdel-Aal.[7] ;
respectively).

11
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4. CONCLUSION

Since labeled graphs serve as practically usefuletsofibr wide-ranging applications such as
communications network, circuit design, coding theomadar, astronomy, X-ray and
crystallography, it is desired to have generalizegults or results for a whole class, if possible.
In this work we contribute two new graph operatiamsl several new families of odd graceful
graphs are obtained. To investigate similar regalt®ther graph families and in the context of
different labeling technigues is open area of research.
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